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We propose and study a model for N hard-core bosons which allows for the interpolation between one- and
high-dimensional behavior by variation of just a single external control parameter s/t. It consists of a ring-
lattice of d sites with a hopping rate t and an extra site at its center. Increasing the hopping rate s between
the central site and the ring sites induces a transition from the regime of a quasi-condensed number N0 of
bosons proportional to
√
N to complete condensation with N0 ' N . In the limit s/t → 0, d → ∞ with
s˜ = (s/t)
√
d fixed the low-lying excitations follow from an effective ring-Hamiltonian. An excitation gap
makes the condensate robust against thermal fluctuations at low temperatures. These findings are supported and
extended to the full parameter regime by large scale density matrix renormalization group computations. We
show that ultracold bosonic atoms in a Mexican-hat-like potential represent an experimental realization allowing
to observe the transition from quasi to complete condensation by creating a well at the hat’s center.
Introduction.— The existence of phase transitions and the
occurrence of long range order depends sensitively on the
spatial dimension D. In contrast to one-dimensional sys-
tems (with short range interactions) interacting systems in
higher dimensions always exhibit phase transitions, if D is
large enough. This D dependence has intensively been ex-
plored in spin systems (see, e.g., Ref. [1]) or for particles (see,
e.g., Refs. [2–7]) on a hypercubic lattice by varying the un-
derlying dimension D. Quite in contrast to such theoretical
and numerical studies, D cannot be changed in experiments.
This raises the question to which extent dimensional crossover
from D = 1 to D  1 can be experimentally simulated, e.g.,
by the variation of a single controllable parameter. Moreover,
the presence of long range order also depends on the density of
states of the low-lying excitations. In particular the existence
of an excitation gap makes long range order in the ground
state robust against thermal fluctuations. It is the goal of our
work to propose a model which facilitates such a dimensional
crossover. Its comprehensive solution will reveal and illustrate
a distinctive mechanism for generating a gap.
The focus of the present work is on Bose-Einstein conden-
sation (BEC), one of the most striking quantum phenomena
in nature (see, e.g., [8–11]). For an ideal gas of N bosons
in a D-dimensional box of volume V the system undergoes
for D ≥ 3 a transition at a temperature T0 > 0K from a
normal fluid to a low-temperature phase where a finite num-
ber N0(n) of the bosons are condensed. T0 depends on the
density n = N/V . At zero temperature (i.e., in the ground
state) noninteracting bosons even exhibit BEC in one and two
dimensions. Since the experimental discovery of BEC for ul-
tracold gases [12–14] the study of BEC has become a partic-
ularly active field of research. This has also stimulated the
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theoretical investigation of BEC for trapped particles (see the
review Ref. [15] and references therein).
One of the major challenges has been to explore how far
BEC persists in the presence of interactions. For a diluted ho-
mogeneous Bose gas in D = 3 Bogoliubov theory [16] yields
N0(n) ' N [1 − 83√pi
√
na3s] with as the s-wave scattering
length. This result was confirmed by perturbation theory [17–
23], simulations [24], and experimentally only very recently
[25]. The Gross-Pitaevskii theory [26–28] is a classical ap-
proach using the order parameter field. Since it is based on
a mean field approximation its validity is restricted to weakly
correlated bosons.
Our work is concerned with bosons on a lattice with hard-
core interaction. These hard-core bosons (HCBs) were orig-
inally introduced as a model for liquid Helium II in order
to investigate superfluidity [29, 30]. Let us consider a one-
dimensional lattice with lattice constant a and d sites. In the
continuum limit d → ∞, a → 0 with L = ad fixed one
obtains the Tonks-Girardeau gas of impenetrable (spinless)
bosons [31]. This system was realized experimentally by ul-
tracold gases, as demonstrated first in Ref. [32]. The verifica-
tion of BEC follows either from the largest eigenvalue of the
one-particle reduced density matrix γ(~r, ~r′) [33] or by its off-
diagonal long range order [34]. For the Tonks-Girardeau gas
it is γ(x, x′) ∼ 1/|x− x′|1/2 for |x− x′| → ∞ [35, 36] (see
also [37]). This implies for the number of condensed bosons
N0(N) ∼
√
N for N  1 [35, 36, 38–40]. This result re-
mains valid in the presence of a trap [40–45]. Particularly,
for a ultracold Bose gas in a cigar-shaped trap the
√
N de-
pendence was observed experimentally [32]. While still no
BEC is present in one dimension even at T = 0K interesting
phase behavior can occur [46]. In the following we will pro-
pose and solve a model which allows for the transition from
quasi-condensation with N0(N) ∼
√
N to complete conden-
sation with N0(N) ∝ N by increasing a single controllable
parameter.
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2FIG. 1. An interpolation between the 1D regime (left) and the ‘star‘’
(right) through the ‘wheel’ (middle).
The model.— We consider N HCBs on a lattice. The
main part of that lattice consists of a ring with d sites and lat-
tice constant a (see left part of Fig. 1). The HCBs can hop be-
tween nearest neighbor sites with a rate t (left part of Fig. 1).
Their only interaction comes from the hard-core condition.
The scattering of two bosons with momenta q1 and q2 only
interchanges these momenta, since this model is integrable
[47]. This changes drastically if a central site is added (mid-
dle part of Fig. 1). Indeed, bosons can then hop to the central
site and during that process exchange momentum with other
bosons. Accordingly, the central site acts like an impurity and
HCBs on the ‘wheel-lattice’ become nonintegrable. Central
site models are widely used for spins (see, e.g., Refs. [48–54]
and the review [55]). Yet, the surrounding spins in these mod-
els do not interact with each other, similar to the ‘star’-model
shown on the right of Fig. 1. In our model, the crucial feature
which generates the dimensional crossover is the competition
between the ring-hopping and the center-ring-hopping.
The corresponding Hamiltonian reads
Hˆ = −t
d∑
i=1
[h†ihi+1 + h
†
i+1hi]− s
d∑
i=1
[h†ihc + h
†
chi] , (1)
with periodic boundary conditions. h†i and hi creates and an-
nihilates a HCB on the ring-site i and h†c and hc on the central
site. They fulfil the conventional mixed commutation relations
of HCBs [29]. For s/t → 0, Hˆ reduces to the ‘ring’(left of
Fig. 1) and in the limit s/t → ∞ one obtains the ‘star’ (right
of Fig. 1). The solution of the eigenvalue problem for these
two limiting cases is known. For s = 0 it follows from the
solution for impenetrable bosons [31, 56, 57] and the problem
for s = ∞ was solved in Ref. [58]. Since the ‘star’ model
is related to a model with infinite-range hopping it exhibits
BEC with N0(N, d) = N(d − N + 1)/d [59–63]. It was
proven that this value represents a universal upper bound for
the condensation of HCBs, i.e., it is independent of the lat-
tice and additional interactions [58]. For finite values of s/t
the Hamiltonian (1) interpolates between the ring-lattice and
the star-lattice (cf. Fig. 1). Quite in contrast to noninteracting
bosons [64], the corresponding eigenvalue problem for HCB
cannot be solved analytically anymore.
In the following we investigate the eigenvalue prob-
lem for s 6= 0. For simplicity we choose t = 1.
The unperturbed eigenstates have the form |ψ0µ(N)〉 =
∑
1≤n1<···<nN≤d ψ
0
µ(n1, · · · , nN )h†n1 · · ·h†nN |0〉r with µ =
(µ1, · · · , µN ). The ‘wave functions’ ψ0µ(n1, · · · , nN ) are
given by the Bethe ansatz using superpositions of plane waves
with momenta qµ [31, 56, 57, 65]. In units of a−1 it is
qµ = (pi/d)(2µ + 1) for N even and qµ = (pi/d)(2µ)
for N odd [56, 66, 67]. The corresponding eigenvalues are
E0µ(N) = −2
∑N
n=1 cos qµn .
A general normalized N -HCB state takes the form
|ΨN 〉 = α|φN 〉r ⊗ |0〉c + β|ϕN−1〉r ⊗ |1〉c , (2)
since the existence of the central site couples the (normalized)
ring-states |ϕN−1〉r and |φN 〉r with N − 1 and N particles,
respectively. |0〉r and |0〉c denote the vacuum of the ring-sites
and central site, and |1〉c = h†c|0〉c. The sectors with N − 1
and N particles can be decoupled by expanding |ϕN−1〉r and|φN 〉r with respect to the unperturbed eigenstates:
|φN 〉r =
∑
ν
Aν |ψ0ν(N)〉 , |ϕN−1〉r =
∑
µ
aµ|ψ0µ(N − 1)〉 .
(3)
We consider the frame in which the center of mass is at rest
(see also Ref. [68]). Hence the summations in Eq. (3) are
restricted to total momentum Q = 0. For d → ∞ the de-
pendence of the perturbed eigenvalues and eigenstates on s
becomes nonanalytical. Therefore, for arbitrary small values
of s all unperturbed eigenstates contribute in Eq. (3). Substi-
tution of Eqs. (2) and (3) into Hˆ|ΨN 〉 = E|ΨN 〉 leads to (see
Appendix A)[
E − E0ν(N)
]
Aν = s
2
∑
ν′
Mνν′(E)Aν′[
E − E0µ(N − 1)
]
aµ = s
2
∑
µ′
mµµ′(E)aµ′ . (4)
Without solving Eq. (4) explicitly, it already allows us to char-
acterize qualitatively the N -particle spectrum of Hˆ . For d →
∞ the unperturbed eigenvalues of N − 1 and N HCBs form
a band with lower band edges E0low(N, d) < E
0
low(N − 1, d)
(for N/d < 1/2; this is not a restriction due to the particle-
hole symmetry). In Appendix A it is shown that for s 6= 0
the band between E0low(N, d) and E
0
low(N − 1, d) persists.
Below E0low(N, d) a discrete spectrum occurs exhibiting an
excitation gap.
Let us discuss the solution of Eq. (4) below E0low(N, d). In
Appendix A we show that Mνν′(E) and mµµ′(E) strongly
simplify in two regimes which is (i) the scaling limit d →
∞, s → 0 with s˜ = s√d and N fixed, and (ii) the strong
coupling limit s → ∞ for finite density n. In these limits the
spectrum of Hˆ belowE0low(N, d) follows from the solution of
HeffN |φN 〉r = Eeff |φN 〉r , heffN−1|ϕN−1〉r = Eeff |ϕN−1〉r
(5)
with the effective Hamiltonians
HeffN = s˜
2(1/d)
d∑
i,j=1
h†ihj , h
eff
N−1 = s˜
2(1/d)
d∑
i,j=1
hih
†
j .
(6)
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FIG. 2. Dependence of the number of condensed bosons N0 on
log(s˜) and on the density n. (a) low density n ' 0.05 and (b) fi-
nite density and d = 199. Symbols: DMRG results, dashed lines:
guide for the eye, solid lines: analytical results (8). The dotted lines
mark the asymptotic values for finite N , s = 0, d→∞ obtained by
the exact numerical calculation of a Toeplitz determinant [40], and
the dots on the vertical axis in (b) represent N(1−n); (see also text)
The eigenvalues of HeffN and h
eff
N−1 are identical and are re-
lated to E by Eeff = [E − (E0low − EF )][E − E0low]. The
Fermi energy, EF (N, d), plays a role here due to the equiva-
lence of HCBs and spinless fermions on the unperturbed ring-
lattice. The ground state eigenvalue E0(N, d; s˜) follows from
the largest eigenvalue Eeffmax(N,n; s˜) ' s˜2N(1−n) (see Ap-
pendix A). This yields (n = N/d)
E0(N, d; s˜) ' E0low(N, d)− EF (N, d)/2 +
−
√
(EF (N, d)/2)2 + s˜2N(1− n) .
(7)
In Appendix A, the corresponding ground states |φN 〉r and
|ϕN−1〉r of HeffN and heffN−1 are presented and the existence
of an excitation gap for s˜ 6= 0 is proven.
The number N0 = (1/d)〈ΨN |
∑d
i,j=1 h
†
ihj |ΨN 〉 of con-
densed particles is identical to 〈ΨN |HˆeffN |ΨN 〉/s˜2. The cal-
culation of this expectation value is performed in Appendix
A. One gets for the ground state
N0(N,n; s˜) ' N
[
(1− n)− |β(N,n; s˜)|2(1− 2n)N−1]
|β(N,n; s˜)|2 ' 1
2
s˜2N(1− n)
{[
(EF /2)
2 + s˜2N(1− n)]
−(EF /2)
√
(EF /2)2 + s˜2N(1− n)
}−1
.(8)
The second term in the square bracket in the first line of Eq. (8)
is a correction due to finite N .
The results for E0(N, d; s˜) and N0(N, d; s˜) for finite d are
valid (i) in the scaling limit if s˜  2√2pi/√d and (ii) in the
strong coupling limit if s˜ 4√n/(1− n)√d (see Appendix
A). Since the scaling limit involves d→∞ for N fixed it also
implies the low density limit n→ 0.
Results from DMRG.— In order to check the range of va-
lidity of the results above and to extend those for finite d to
FIG. 3. Realization of the ring lattice (left) and wheel lattice (right)
for d = 10 by a Mexican-hat-like potential. Loading HCBs into the
potential landscape on the left and creating a local well as shown on
the right generates a crossover from quasi to complete BEC.
small and intermediate coupling strengths s˜, we have per-
formed large scale density matrix renormalization group com-
putations (DMRG) [70–72] for various system sizes and num-
ber of particles using optimization tools based on concepts of
quantum information theory[73–75]. Besides calculating en-
ergy eigenvalues and the one-particle reduced density matri-
ces we have also determined one- and two-site von Neumann
entropies and the two-site mutual information, Ii|j . More de-
tails on our DMRG approach can be found in Appendix C.
Since we are mostly interested in BEC we only present the re-
sults for N0(N,n; s˜) as a function of log(s˜). Analysis of the
mutual information is summarized in Appendix C. Part (a) of
Fig. 2 shows N0 in the low density regime for n ' 0.05  1
fixed, whereas in part (b) d = 199 is fixed and n takes various
values.
Three main observations can be made. First, the DMRG-
results for (N, d) fixed exhibit the crossover from quasi-BEC
to BEC in all cases. Of course, the transition from N0 ∼
√
N
to N0 ∼ N becomes more pronounced with increase of N .
Second, in the regime of quasi-BEC (log(s˜) < 0) the agree-
ment between the DMRG-results and the result for impene-
trable bosons [40] is very good, for low densities. This holds
because in the limit d → ∞ with N fixed the ground state
of HCBs becomes identical to that of impenetrable bosons.
In this case, N0(N) for small N follows from the numerical
exact computation of the Toeplitz determinant [40]. Yet, for
N → ∞, d → ∞ with n finite the HCBs on the ring-lattice
differ from impenetrable bosons in one dimension. There-
fore, both results in Fig. 2(b) deviate more and more from
each other as n increases. Third, in the regime of BEC
(log(s˜) > 0) the DMRG results also fit well with the analyti-
cal one (Eq. (8)) for all densities. Even the non-monotone s˜-
dependence stemming from the finite-N correction in Eq. (8)
is reproduced for small N (see, e.g., the result in Fig. 2(a)
for d = 39, corresponding to N = 2). With increasing N the
DMRG-result approaches the asymptotic valueN(1−n) (full
circles in Fig. 2(b) at log(s˜) = 4).
Experimental realization.— As an experimental realiza-
tion of the ‘wheel’ model we suggest to load N ultracold
bosonic atoms into a Mexican-hat-like potential with d local
wells (left of Fig. 3). Such a ring-type confinement was al-
ready realized experimentally (see, e.g., Refs. [76–80]). Tun-
ing the pair interaction [81–84] and the ring-well geometry
4such that multiple occupancy of a well is excluded one obtains
a realization of HCBs on a ring-lattice. Then measuring the
number of HCBs in their zero-momentum ring-state should
yield a quasi-condensate with N0(N) ∼
√
N [40, 44, 45],
which was already observed for impenetrable bosons in a
cigar-shaped confinement [32].
Next, creation of a local well at the hat’s center (right of
Fig. 3) and increasing its depth more and more will allow the
HCBs in the ring-wells to overcome each other by making
transitions back and forth between any ring-well and the cen-
tral one. This will significantly change the physical behavior
since BEC will occur with N0(N) ∼ N . In order for this to
happen for finite d it must be s/t  1/d (see Appendix A).
The hopping occurs due to tunneling between the correspond-
ing wells. Let (Vr, lr = a) and (Vc, lc = ad/(2pi)) denote the
potential barrier and tunneling distance, respectively, between
two adjacent ring-wells and between a ring-well and the cen-
tral one. Use of the WKB tunneling rate yields the estimate
s/t ≈ (γc/γr) exp[−
√
ma2/~2(
√
Vcd/(2pi)−
√
Vr)] withm
the particle’s mass and γα, α = c, r the so-called attempt fre-
quency related to the zero-point oscillation frequency in the
corresponding well. For instance, if d = 79 and N = 4
(Fig. 2(a)) ‘BEC’-like behavior should occur for s/t > 1.
This can be satisfied for all m and a if Vc/Vr ' (2pi/d)2
provided γc/γr ≈ 1. Note, log((s/t)
√
d) (used in Fig. 2) is
directly related to the barrier heights.
Of course, there is no macroscopic number of condensed
particles for N small. But the crossover is already visible for
small N , as demonstrated by the DMRG result. N  1 re-
quires d  1. Which maximum values for d can be realized
is not yet clear. However, generating a true Mexican-hat po-
tential with continuous rotational invariance would realize the
Tonks-Girardeau gas of impenetrable bosons. Since this cor-
responds to the continuum limit a→ 0, d→∞with ad fixed,
the only condition for BEC would be s > 0, requiring the gen-
eration of a central well.
Summary and conclusions.— We have presented and dis-
cussed a model which allows the realization of the dimen-
sional crossover from D = 1 to D  1 by variation of a
single control parameter. This feature is related to its torroidal
topology. The model consists of a ring-lattice with d sites and
an extra site at its center. Since our main focus is on BEC,
we have investigated N hard-core bosons (HCBs) with near-
est neighbor hopping rate t on the ring and a hopping rate s
between the ring and the central site. The latter hopping dras-
tically changes the behavior of the HCBs. Varying for large
but finite d the ratio s/t from s/t  1 to s/t  1 induces
a transition from a quasi-BEC regime with a number of con-
densed HCBs N0 ∼
√
N to a BEC regime with N0 ∼ N .
The transition is particularly pronounced for macroscopic N .
However, the crossover already becomes visible for small N ,
as clearly demonstrated by the large scale DMRG computa-
tions (cf. Fig. 2). As argued above ultracold bosonic atoms
in a Mexican-hat-like potential should allow the experimental
observation of this dimensional crossover for BEC.
The model is also interesting from a different point of view
since it presents a mechanism creating an excitation gap. The
unperturbed spectrum consists of an (N − 1)- and N -particle
band. For n ≤ 1/2 the former is a subset of the latter. Turn-
ing on the hopping to the central site a band of scattering states
occurs with lower and upper band edge identical to those of
the unperturbed one. Below (and above) that band the cou-
pling between the unperturbed (N − 1)- and N -particle ring-
states generates a discrete spectrum with an excitation gap.
It is exactly this gap, which makes the BE-condensate robust
against thermal fluctuations. The discrete spectrum follows
in the limit s/t → 0, d → ∞ with s˜ = (s/t)√d from an
effective ring-Hamiltonian (cf. Eq. (6)) with ‘infinite’ range
hopping. The variable s˜ also occurs for electrons on a lat-
tice in high dimensions [2–4, 6, 7], for the Hubbard model
with infinite range hopping [5] and for the fermionic Hubbard
star [85]. Nevertheless, our approach is qualitatively differ-
ent. The former models reduce to an effective one-site model
whereas we obtain a model on the ring with renormalized hop-
ping. This highlights the crucial difference to models with a
conventional mean-field character and thus described, e.g., by
the Gross-Pitaevskii theory [26–28].
Finally, extending the ‘wheel’ model to interacting
fermions and spins would be interesting, as well. This would
allow one to elaborate on the analogous dimensional crossover
for fermions and spins. For instance for spins, increasing the
ratio of the corresponding exchange constants should induce
long range magnetic order on the ring.
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7Appendix A: Derivation of the effective Hamiltonian
The Hamiltonian Hˆ is given by Eq. (1). Using Hˆ = Hˆ0 + Hˆ1 (with Hˆ0 the ring-Hamiltonian) and
|ΨN 〉 = α|φN 〉 ⊗ |0〉c + β|ϕN−1〉 ⊗ |1〉c , (A1)
the eigenvalue equation Hˆ|ΨN 〉 = E|ΨN 〉 becomes
αHˆ0|φN 〉 − βs
d∑
i=1
h†i |ϕN−1〉 = αE|φN 〉
−αs
d∑
i=1
hi|φN 〉+ βH0|ϕN−1〉 = βE|ϕN−1〉 . (A2)
The unperturbed eigenstates (i.e., s=0) for N HCBs can be represented as
|ψ0µ(N)〉 =
∑
1≤n1<···<nN≤d
ψ0µ(n1, · · · , nN )h†n1 · · ·h†nN |0〉 . (A3)
The normalized, totally symmetric ‘wave functions’ ψ0µ(n1, · · · , nN ) are given for 1 ≤ n1 < · · · < nN ≤ d by the determinant
constructed from the one-particle states exp(iqµknl) [56, 65]
ψ0µ(n1, · · · , nN ) = N
∑
P∈SN
sgn(P ) exp
(
i
N∑
k=1
qµP (k)nk
)
, (A4)
with N = d−N/2. SN denotes the permutation group of the integers (1, 2, · · · , N) and sgn(P ) its signature. The form (A4)
highlights the well-known equivalence of spinless fermions and hard-core bosons in 1d and one has µ1 < µ2 < . . . < µd. The
unperturbed eigenstates are labelled by µ = (µ1, · · · , µN ) and µ determines the wave number qµ = (pi/d)(2µ+ 1) for N even
and qµ = (pi/d)2µ for N odd [56, 66, 67] . Since qµ is restricted to the first Billouin zone µ takes the values −d/2 + 1,−d/2 +
2, · · · ,−1, 0, 1, · · · , d/2− 1, d/2 for d even and −(d− 1)/2,−(d− 1)/2 + 1, · · · ,−1, 0, 1, · · · , (d− 1)/2− 1, (d− 1)/2 for
d odd. The corresponding unperturbed eigenvalues are given by
E0µ(N, d) = −2
N∑
k=1
cos(qµk) . (A5)
The unperturbed ground state energy, E0low(N, d), is easily calculated. Using cos(x) = [exp (ix) + exp (−ix)]/2 it is straight-
forward to calculate the sum in Eq. (A5). As a result one gets
E0low(N, d) = −2 sin(
pi
d
N)/ sin(
pi
d
) ' −2 d
pi
sin(
pi
d
N) , (A6)
and the Fermi energy EF (N, d) = E00(N, d)− E00(N − 1, d) becomes
EF (N, d) = −2
[
tan(
pi
2d
) sin(
pi
d
N) + cos(
pi
d
N)
] ' −2 cos(pin) (A7)
with n = N/d the particle density. For d → ∞, N → ∞ with n = N/d fixed the unperturbed N -particle spectrum is a single
band with lower band edge E0low(N,n) ' −2N sin(pin)/(pin) and band width W (N,n) = 4N sin(pin)/(pin) ∝ 4N . First
we note that the result for E0low(N,n) holds for N even and odd and second that the ground state lies in the subspace with total
momentum Q =
∑N
k=1 qµk equal to zero. Q is a good quantum number due to the invariance of Hˆ under lattice translations on
the ring.
Since the unperturbed eigenstates are complete we have(cf. also Eq. (3) of the main text)
|φN 〉 =
∑
ν
Aν |ψ0ν(N)〉
|ϕN−1〉 =
∑
µ
aµ|ψ0µ(N − 1)〉 . (A8)
8with
∑
ν |Aν |2 = 1 and
∑
µ |aµ|2 = 1. The summations in Eq. (A8) are restricted such that Q =
∑N
i=1 qνi =
∑N−1
j=1 qµj is
fixed (mod 2pi). In the following we choose Q = 0, i.e., we consider the HCBs in the frame where the center of mass of the
HCBs is at rest(see also [68]). Substituting the ansatz (A8) into Eq. (A2) leads to a decoupling of the (N − 1)-particle and the
N -particle sector: [
E − E0ν(N, d)
]
Aν = s
2
∑
ν′
Mνν′(E)Aν′[
E − E0µ(N − 1, d)
]
aµ = s
2
∑
µ′
mµµ′(E)aµ′ . (A9)
Here we used that E0µ(N − 1, d) and E0ν(N, d) are the corresponding unperturbed eigenvalues of |ψ0µ(N − 1)〉 and |ψ0ν(N)〉 ,
respectively. The matrix elements Mνν′(E) and mµµ′(E) depend only on the unperturbed eigenstates and eigenvalues and are
given by
Mνν′(E) =
∑
µ′
(b†)νµ′ [E − E0µ′(N − 1, d)]−1bµ′ν′
mµµ′(E) =
∑
ν′
bµν′ [E − E0ν′(N, d)]−1b†ν′µ′ . (A10)
The crucial quantity is the matrix b with elements
bµν = 〈ψ0µ(N − 1)|
d∑
i=1
hi |ψ0ν(N)〉 . (A11)
Having solved Eq. (A9) one obtains from Eq. (A2) with Eq. (A8) the coefficients α and β.
Operating with
∑
ν A
∗
ν [E−E0ν(N, d)]−1 and
∑
µ a
∗
µ[E−E0µ(N −1, d)]−1, respectively, on the 1st and 2nd line of Eq. (A9)
and taking the normalization of {Aν} and {aµ} into account the eigenvalue equations take the form
1 = s2f
(N−1)
d (E; {aµ})
1 = s2F
(N)
d (E; {Aν}) , (A12)
with
f
(N−1)
d (E; {aµ}) =
∑
µµ′ν′
a∗µ[E − E0µ(N − 1, d)]−1bµν′ [E − E0ν′(N, d)]−1(b†)ν′µ′aµ′ . (A13)
and
F
(N)
d (E; {Aν}) =
∑
νν′µ′
A∗ν [E − E0ν(N, d)]−1(b†)νµ′ [E − E0µ′(N − 1, d)]−1bµ′ν′Aν′ (A14)
The unperturbed eigenfunctions can always be chosen to be real, since the unperturbed Hamiltonian is real. Therefore bµν and
(b†)νµ are real. Furthermore, {aµ} and {Aν} can also be chosen to be real since the Hamiltonian Hˆ is real as well. Therefore
the functions f (N−1)d (E; {aµ}) and F (N)d (E; {Aν}) are real.
Eq. (A12) together with Eqs. (A13) and (A14) already allows to obtain some qualitative information on the low-energy part
of the perturbed N -particle spectrum. A crucial observation is that f (N−1)d (E; {aµ}) and F (N)d (E; {Aν}) have poles at the
unperturbed (N − 1)- and N -particle eigenvalues. As discussed above the unperturbed spectrum of (N − 1) and N HCBs form
a band with lower band edge E0low(N−1, d) and E0low(N, d), respectively. It is E0low(N, d) = E0low(N−1, d)+EF (N, d) with
the Fermi energy from Eq. (A7). For n < 1/2 it follows EF (N, d) < 0. Note, this is not a restriction due to the particle-hole
duality. Therefore, E0low(N, d) < E
0
low(N − 1, d). Now, we will show that the low-lying perturbed eigenvalues form a discrete
spectrum below E0low(N, d), and the band between E
0
low(N, d) and E
0
low(N − 1, d) persists. The discrete spectrum exhibits an
excitation gap even for d =∞.
Let us choose E between E0low(N, d) and E
0
low(N − 1, d) and let us denote the increasingly ordered unperturbed eigenvalues{E0ν(N, d)} in this interval by E0νk(N, d), k ≥ 1. Due to E < E0low(N − 1, d) the denominators [E − E0µ(N − 1, d)]−1 in
Eq. (A13) are negative for all µ, i.e., they do not change sign. Then, under variation of E between E0νk(N, d) and E
0
νk+1
(N, d),
the function f (N−1)d (E; {aµ}) varies continuously from ±∞ at E = E0νk(N, d) to ∓∞ at E = E0νk+1(N, d), independent of
{aµ}. Accordingly, for arbitrary s 6= 0 the first equation of (A12) has always a solution Eνk(N, d; s, {aν}) which is between
9E0νk(N, d) and E
0
νk+1
(N, d). Substituting Eνk(N, d; s, {aν}) into the second line of Eq. (A9) yields {a(νk)ν } which in turn
leads to the perturbed eigenvalues Eνk(N, d; s) = Eνk(N, d; s, {a(νk)ν }), k ≥ 1. For d → ∞ these perturbed eigenvalues
{Eνk(N, d; s)} form a band with lower band edge E0low(N, d) and upper edge E0low(N − 1, d).
For E ≥ E0low(N − 1, d) there exist pairs ν′,µ such that there is no unperturbed eigenvalue between E0ν′(N, d) and E0µ(N −
1, d). In that case [E−E0ν′(N, d)]−1[E−E0µ(N−1, d)]−1 in Eq. (A13) changes from±∞ atE0ν′(N, d) to±∞ atE0µ(N−1, d)
under varying E between E0ν′(N, d) and E
0
µ(N − 1, d). Therefore, f (N−1)d (E; {aν}) does not necessarily change sign and
the first equation of (A12) may only have a solution for s2 small enough. In case that the solution between E0ν′(N, d) and
E0µ(N − 1, d) disappears if s2 becomes large enough, a perturbed eigenvalue must appear below(or above) the lower(upper)
band edge −|E0low(N, d)|(|E0low(N − 1, d)|), since the total number of eigenvalues does not depend on s.
Finally, let us discuss E < E0low(N, d). In that case the product of both denominators in Eq. (A13) is always positive. For
E → E0low(N, d) from below f (N−1)d (E; {aµ}) will diverge to +∞. Because f (N−1)d (E; {aµ})→ 0 for E → −∞ there must
exist at least one solution E(N, d; s, {aµ}) of the first equation of Eq. (A12) for all s 6= 0. E(N, d; s, {aµ}) will have a gap to
the lower band edge E0low(N, d). Depending on s
2 and {aµ} there may exist more than one solution. Substitution them into the
first line of Eq. (A9) yields a discrete spectrum. The same qualitative discussion can be done for F (N)d (E; {Aν}) (Eq. (A14))
in combination with the second equation in (A12). We have checked the correctness of these qualitative results on the perturbed
spectrum for N = 2. There is little doubt that they become incorrect for N > 2.
Now we describe how the discrete part of the perturbed spectrum and the corresponding eigenstates below E0low(N, d)
can be obtained exactly in two limiting cases. In these two cases [E − E0µ′(N − 1, d)]−1 and [E − E0ν′(N, d)]−1 can be
replaced by [E − E0low(N, d) + EF (N, d)]−1 and [E − E0low(N, d)]−1, respectively. Then, the matrices (Mνν′(E)) and
(mµµ′(E)) strongly simplify since the sums in Eq. (A10) can be performed using Eq. (A11) and the completeness relations∑
µ |ψ0µ(N − 1)〉〈ψ0µ(N − 1)| = 1|N−1,
∑
ν |ψ0ν(N)〉〈ψ0ν(N)| = 1|N . 1|N−1 and 1|N denote the identity operator, respec-
tively, in the (N − 1) and N particle subspace. Then it follows
Mνν′(E) ' [E − E0low(N, d) + EF (N, d)]−1〈ψ0ν(N)|
∑
ij
h†ihj |ψ0ν′(N)〉
mµµ′(E) ' [E − E0low(N, d)]−1〈ψ0µ(N − 1)|
∑
ij
hih
†
j |ψ0µ′(N − 1)〉 .
and Eq. (A9) simplifies to
EeffAν ' s2
∑
ν′
〈ψ0ν(N)|
∑
ij
h†ihj |ψ0ν′(N)〉Aν′
Eeffaµ ' s2
∑
µ′
〈ψ0µ(N − 1)|
∑
ij
hih
†
j |ψ0µ′(N − 1)〉aµ′ , (A15)
with
Eeff (N, d) = [E − E0low(N, d) + EF (N, d)][E − E0low(N, d)] . (A16)
The eigenvalue equations (A15) are identical to the eigenvalue equations following from
HˆeffN |φN 〉 = Eeff (N, d)|φN 〉
hˆeffN−1|ϕN−1〉 = Eeff (N, d)|ϕN−1〉 . (A17)
with the effective Hamiltonians
HˆeffN = s˜
2 1
d
d∑
i,j=1
h†ihj
hˆeffN−1 = s˜
2 1
d
d∑
i,j=1
hih
†
j , (A18)
and |φN 〉, |ϕN−1〉 from Eq. (A8). Note, the eigenvalue Eeff (N, d) is identical for HˆeffN and hˆeffN−1. s˜ = (s/t)
√
d denotes the
scaled dimensionless coupling constant. We remind the reader that we used t = 1.
In the following it is more convenient to use the equivalence h†i = S
−
i , hi = S
+
i , (1 − 2h†ihi) = 2Szi between the
hard-core Bose operators and the spin-one-half operators. The commutation relations of the latter read[
S+i , S
−
j
]
= 2δijS
z
i ,
[
Szj , S
±
i
]
= ±δijS±i . (A19)
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The effective Hamiltonians become
HˆeffN = s˜
2 1
d
d∑
i,j=1
S−i S
+
j (A20)
hˆeffN−1 = s˜
2 1
d
d∑
i,j=1
S+i S
−
j , (A21)
Let ~S =
∑d
i=1
~Si be the spin operator of the total spin. Because Hˆ
eff
N (and hˆ
eff
N−1) commutes with ~S
2 and Sz all its eigenstates
can be chosen such that they are also eigenstates of ~S2 and Sz with eigenvalues S(S + 1) and M , respectively. They will be
denoted by |S,M〉. M is related to the particle number by M = d/2−N and for fixed N the total spin quantum number takes
the values S = d/2−N, d/2−N + 1, · · · , d/2. The corresponding eigenvalues of HˆeffN are given by
Eeff (S,M ; s˜) = s˜2
1
d
[
S(S + 1)−M(M + 1] . (A22)
The ground state eigenvalue E0(N, d; s˜) of Hˆ follows from the largest eigenvalue Eeffmax(N, d; s˜) of Hˆ
eff
N which corresponds
to Smax = d/2. Then we obtain from Eq. (A22) in the thermodynamic limit N →∞, d→∞ with density n = N/d fixed
Eeffmax(N, d; s˜) ' s˜2N(1− n) . (A23)
The corresponding eigenstates are given by
|φeffN 〉 =
(
d
N
)−1/2
(
d∑
i=1
h†i )
N |0〉
|ϕeffN−1〉 =
(
d
N − 1
)−1/2
(
d∑
i=1
h†i )
N−1|0〉 . (A24)
Using the spin analogy it is |φeffN 〉 = |d/2, d/2−N〉 and |ϕeffN−1〉 = |d/2, d/2− (N − 1)〉. Note, these eigenstates belong to
the subspace with total momentum Q = 0.
Substitution of Eeffmax(N, d; s˜) from Eq. (A23) into Eq. (A16) leads to the perturbed ground state eigenvalue
E0(N, d; s˜) ' E0low(N, d)− EF (N, d)/2−
√
(EF (N, d)/2)2 + s˜2N(1− n) . (A25)
We remind the reader that Eq. (A7) implies EF (N, d) ≤ 0 for 0 ≤ n ≤ 1/2.
The energy, E1(N, d; s˜), of the first excitation follows from Eq. (A16) for the second largest effective eigenvalue. Using the
spin analogy the latter corresponds to S = Smax−1 ≡ d/2−1 which yieldsEeff (N, d; s˜) = Eeffmax(N, d; s˜)− s˜2. Accordingly
we obtain
E1(N, d; s˜) ' E0low(N, d)− EF (N, d)/2−
√
(EF (N, d)/2)2 + s˜2[N(1− n)− 1] . (A26)
It is easy to see that the excitation gap ∆E(N, d; s˜) = E1(N, d; s˜)−E0(N, d; s˜) is finite for s˜ 6= 0 and all d, including d =∞.
The higher excitation energiesEn(N, d; s˜) for n = 2, · · · , N−1 follow similarly using S = d/2−n. Therefore, the eigenvalues
of Hˆ below E0low(N, d) form a discrete spectrum of N eigenvalues.
Let us summarize: The unperturbed spectrum in the subspace Q = 0 consists of two bands. One band, B0N−1, of KN−1
eigenvalues, {E0µ(N − 1, d)}, and the other band, B0N , with KN eigenvalues, {E0ν(N, d)}). These two bands correspond to
(N − 1) and N HCBs on the ring-lattice. The band edges of B0N−1 are at ±E0low(N − 1, d) and those of B0N at ±E0low(N, d).
For d finite, both sets {E0µ(N − 1, d)} and {E0ν(N, d)} are disjoint, and for density n = N/d ≤ 1/2 B0N−1 is a subset within
the interval [−|E0low(N, d)|,+|E0low(N, d)|]. Turning on s leads to a coupling between these two bands. Part of these two bands
persist. The lower band edge of the perturbed band coincides for d = ∞ with the lower band edge of the unperturbed band.
Below that band a discrete spectrum of maximally N eigenvalues occurs exhibiting an excitation gap. The number of discrete
eigenvalues may change with s˜.
The number N0 = (1/d)〈ΨN |
∑d
i,j=1 h
†
ihj |ΨN 〉 of condensed particles in the state |ΨN 〉 is easily obtained
since (1/d)〈ΨN |
∑d
i,j=1 h
†
ihj |ΨN 〉 ' 〈ΨN |HˆeffN |ΨN 〉/s˜2. Substitution of |ΨN 〉 from Eq. (A1) leads to N0 =
11
[|α|2〈φeffN |HˆeffN |φeffN 〉+|β|2〈ϕeffN−1|HˆeffN |ϕeffN−1〉]/s˜2. Making use of the commutation relations of {h†i}, {hj} one can express
HˆeffN in the second summand by hˆ
eff
N−1:
HˆeffN = hˆ
eff
N−1 −
s˜2
d
d∑
i=1
(1− 2nˆi) . (A27)
With |α|2 + |β|2 = 1, ∑di=1 nˆi|ϕeffN−1〉 = (N − 1)|ϕeffN−1〉, Eqs. (A17), (A18) and (A23) we obtain for d→∞ the final result
N0(N ; s˜) ' N
[
(1− n)− |β|2(1− 2n)N−1] . (A28)
Since |β|2 ≤ 1 the second term on the r.h.s. of Eq. (A28) is a negative correction(for n < 1/2) to the leading order term (1− n)
which is of order O(1/N).
As discussed above the mapping of the original model to an effective one is valid if one is allowed to replace E0ν′(N, d) by the
unperturbed ground state energy eigenvalue E0low(N, d). This is equivalent to the replacement of Hˆ0 in the first line of Eq. (A2)
by E0low(N, d). With this replacement and that of (|φN 〉, |ϕN−1〉) by (|φeffN 〉, |ϕeffN−1〉) from Eq. (A24) one can solve the linear
equation for α, β. With use of [E0(N, d; s˜)−E0low(N, d)] from Eq. (A25) and the normalization condition |α|2 + |β|2 = 1 one
obtains for the ground state
|α|2 ' 1− 1
2
s˜2N(1− n)
{[
(EF /2)
2 + s˜2N(1− n)]− (EF /2)√(EF /2)2 + s˜2N(1− n)}−1 (A29)
|β|2 ' 1
2
s˜2N(1− n)
{[
(EF /2)
2 + s˜2N(1− n)]− (EF /2)√(EF /2)2 + s˜2N(1− n)}−1. (A30)
Now we discuss the validity of the above mapping of the original eigenvalue problem to an effective one. The simplest limiting
case under which the mapping becomes exact is the strong coupling limit s→∞. For the ground state energy E = E0(N, d; s˜)
the denominators in Eq. (A10) can be rewritten as follows
[E0(N, d; s˜)−E0ν′(N, d)] = [E0(N, d; s˜)−E0low(N, d)]{1+[E0ν′(N, d)−E0low(N, d)]/[E0low(N, d)−E0(N, d; s˜)]}−1 . (A31)
and similar for [E0(N, d; s˜) − E0µ′(N − 1, d)]. From Eqs. (A5) and (A6) we get 0 ≤ [E0ν′(N, d) − E0low(N, d)] ≤ 4N for all
ν′. The mapping becomes exact if
[E0ν′(N, d)− E0low(N, d)]/[E0low(N, d)− E0(N, d; s˜)]→ 0 . (A32)
Substituting [E0low(N, d) − E0(N, d; s˜)] from Eq. (A25) and taking the upper bound, 4N , for [E0ν′(N, d) − E0low(N, d)] into
account leads for N = O(d), i.e. for finite n, to the condition
s 4
√
n
1− n . (A33)
Note that n ≤ 1/2, and s˜ = s√d is used.
The reason why the mapping becomes exact in the scaling limit s → 0, d → ∞ with s˜ = s√d and N fixed, is more subtle.
In that case the variation with µ′ of the numerator b†νµ′bµ′ν′ and of the denominator [E − E0µ′(N − 1, d)] in the first line of
Eq. (A10) plays the essential role. In Appendix B we prove that bµν ∼
√
d for µ,ν fixed and d → ∞ whereas bµν = O(1)
if µk ∈ µ and νk ∈ ν are of O(d). This means that bµν decreases fast with increasing µk and νk. Therefore the main
contributions in the sums in Eq. (A10) for N arbitrary large but fixed comes from µ′,ν with µ′k and νk arbitrary large but
fixed. Therefore restricting the sums in Eq. (A10), e.g., over µ′ to |µ′k| ≤
√
d for all k does not change the result if d becomes
very large. Due to this restriction of {µk} we obtain with E0low(N, d) ' −2N and cos (2piµk/d) ≤ 1 − 2pi2/d from (A5)
the upper bound [E0ν′(N, d) − E0low(N, d)]  4pi2N/d for the numerator in Eq. (A32). Substituting this upper bound and
[E0low(N, d)− E0(N, d; s˜)] from Eq. (A25) into Eq. (A32) leads for N fixed and d 1 to the condition
s 2
√
2pi/d . (A34)
Here we also used EF (N, d) ' −2 because n ≈ 0 for N fixed and d 1(cf. Eq. (A7)).
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Appendix B: Behavior of bµ,ν for N fixed and d→∞
To study the behavior of bµν for N fixed and d→∞ we first observe that the translational invariance on the ring implies that
Eq. (A11) becomes bµν = d 〈ψ0µ(N − 1)|h1 |ψ0ν(N)〉. Substituting |ψ0µ(N − 1)〉, |ψ0ν(N)〉 from Eq. (A3) and taking advantage
of the ordering 1 ≤ n1 < · · · < nN ≤ d one arrives at
bµν = d
∑
2≤m2<···<mN≤d
ψ0µ(m2, · · · ,mN )∗ψ0ν(1,m2, · · · ,mN ) . (B1)
Introducing new variables ni = mi+1 − 1 and taking the translational invariance into account this yields
bµν = d
∑
1≤n1<···<nN−1≤d−1
ψ0µ(n1, · · · , nN−1)∗ψ0ν(0, n1, · · · , nN−1) . (B2)
Substituting the normalized ‘wave functions’ from Eq. (A4) leads to
bµν = dd
−(N− 12 )
∑
P∈SN−1
∑
P ′∈SN
sgn(P )sgn(P ′)
∑
1≤n1<···<nN−1≤(d−1)
exp
[
− i
N−1∑
k=1
(
qµP (k) − qνP ′(k+1)
)
nk
]
. (B3)
The crucial quantity is the 2nd line of Eq. (B3). This sum can be written as
∑d−N+1
n1=1
∑d−N+2
n2=n1+1
· · ·∑d−1nN−1=nN−2+1(· · · ). Each
single sum generates a denominator of the form
(
1−exp[−i(∑N−1j=1 ajqµj −∑Nj′=1 bj′qνj′ )]) where the integers {aj} and {bj′}
take values 0,±1. There is a product of (N − 1) such denominators. For µ,ν fixed and for d→∞ this product is proportional
to dN−1 . Performing the sums in the 2nd line of Eq. (B3) also generates numerators of the form
(
1− exp[−i(∑N−1j=1 a′jqµj −∑N
j′=1 b
′
j′qνj′ )d]
)
where {a′j} and {b′j} take values 0,±1. exp[iqµjd] = +1(−1) and exp[iqνjd] = −1(+1) for N even(odd).
Therefore some of the numerators vanish and some do not. The latter take the value 2. Accordingly, for d→∞ the contribution
of these terms in the 2nd line of Eq. (B3) is of order dN−1. The contribution of all the other terms are of O(dN−2). Taking the
prefactor dd−(N−
1
2 ) on the r.h.s. of Eq. (B3) into account one obtains for (µ,ν) arbitrary but fixed and d→∞ in leading order
in d
bµν ∼
√
d , (B4)
which we wanted to prove.
Appendix C: Details of the DMRG calculations
The DMRG calculations were performed for d ≤ 199 and N ≤ 98. In the DMRG procedure we have performed calculations
using the dynamic block state selection approach [74] and by fixed bond dimension. We have set a tight error bound on the
diagonalization procedure, i.e., we set the residual error of the Davidson method to 10−9 and used ten DMRG sweeps. We have
checked that the various quantities of interest are practically insensitive forM ≥ 1024. In the regime of validity of the analytical
results, e.g., the ground state energyE0(N, d; s˜) (Eq. (7)) andN0(N,n; s˜) (Eq. (8)) agree with the corresponding DMRG-results
better than one percent.
Besides calculating energy eigenvalues and the one-particle reduced density matrices we have also determined one- and two-
site von Neumann entropies (si and sij , respectively) and the two-site mutual information, Ii|j , given as Ii|j = si + sj − sij .
Here si = −Trρi ln ρi and sij = −Trρij ln ρij where ρi(ρij) is the reduced density matrix of site i (sites i and j), which is
derived from the density matrix of the total system by tracing out the configurations of all other sites.
In Fig. 4 we show mutual information for various pairs of sites as a function of log(s˜) for d = 199 and n ' 0.05. The change
in the correlation pattern related to the crossover from quasi-BEC to BEC is also clearly visible through the mutual information.
The correlation between the central and a ring site, Ii|c, vanishes for small s˜ coupling while it saturates to a finite value in the
strong coupling limit when the model exhibits infinite-range hopping. Similarly, for arbitrary two ring sites, Ii|i+`, saturates to a
constant value for large s˜ when the hopping along the ring is mediated by the central site. For s˜ = 0 Ii|i+` decays algebraically
with increasing ` while it becomes exponential as the gap opens and saturate to finite value for very large ` values.
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FIG. 4. Two-site mutual information, Ii|c, measured between the central site and a ring site (red star symbol), and Ii|i+` for various two sites
on the ring separated by distance ` = 1, 3, 10, 99 for d = 199 and n ' 0.05.
